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Scientific Progress and Accomplishments

Control of entanglement was the principle goal. Success means the discovery and quantification of ways to predict and
manipulate entanglement. Several notable successes in our pursuit of this goal can be identified. Two of the participating PhD
students were able to describe maximizing genuine multipartite entanglement of N mixed qubits. A complementary result with
immediate connection to ongoing experimental work in the Rainer Blatt group is a prescription for bounding the entanglement of
N qubits with only four measurements. This is a form of entanglement witness, and another witness operation was discovered
to determine non-classicality of an oscillator state by coupling to a qubit. Degree of quantum character plays an important role in
using entanglement and we extended the use of Bell Inequality violation as a measure of this by prescribing a Bell violation
procedure applicable to continuous variable states. Another connection to experimental work (done by the Rio de Janeiro team
of Davidovich and Souto Ribeiro) was our prediction of dynamical invariants of bipartite entanglement.

Finally, we were able to identify and describe quantitatively a situation (not yet within experimental reach) where four important
aims can be realized together: external control of entanglement that is coherent, that applies to an arbitrary number N of qubits,
that applies to mixed as well as pure states, and that allows the degree of surviving entanglement to be determined.

Technology Transfer
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Our work is both theoretical and mathematical, and is designed to encourage and assist experimental
work in advancing toward the overall goal of quantum entanglement preservation, throughout
performance of protocols developed independently for tasks of quantum information. These include
guantum computing, quantum cryptography, quantum teleportation and other forms of entanglement
swapping. Fundamental experimental activities concerning entanglement operations under ambient
noise, including entanglement swapping, quantum feedback, control of many-body coherence, and
time-dependent disentanglement on different time scales, can be related to our work.

One obvious goal is to promote control of the effect of noise processes on quantum operations. We
have been successful in demonstrating that a small set of controllable parameters, in specifying initial
guantum states, can provide valuable information about a certain decoherence phase space. This allows
separation of outcome trajectories into three categories. These have immediate laboratory relevance.
One category contains the compact collection of initially entangled states that can be predicted to lead
to rapid destruction of entanglement under common noisy environments. A second category comprises
the states that are isolated from sudden entanglement death and permit indefinitely long survival times
during slow decay, and the third, probably most interesting category, comprises the states that will
suffer entanglement loss in a finite time, but for which the end of entanglement can be guaranteed to
occur no sooner than a fixed time. This by itself is a new finding.

A specific challenge in treating entanglement evolution and survival is to extend well-known results
beyond the validity of the rotating wave approximation (RWA). This is largely unknown territory but is
becoming practically necessary as qubit-qubit entanglement is probed and controlled by stronger and
stronger interactions. The Tavis-Cummings model is ideal for a careful exploration of this new domain,
as it incorporates more than one qubit interacting with a common oscillator mode. We have treated the
parameter regime in which the frequencies of the qubits are much smaller than the frequency of the
associated cavity oscillator. We have extended the adiabatic approximation introduced by Irish for a
single-qubit system to the multiqubit case.

For example, in a two-qubit system, we identified three-state manifolds of close-lying dressed energy
levels and obtained results for the dynamics of intramanifold transitions that are not known in the
traditional regime of the RWA. Both number state and coherent state preparations were examined, and
we derived analytical formulas that simplify the interpretation of numerical calculations. Expressions for
individual collapse and revival signals of both population and entanglement were obtained.

Nonclassicality of system character is of course essential, and we found a new witness operation that
guarantees nonclassical character of a quantum field state. Importantly, the method does not require
state reconstruction and a bound is established for the evolution of a qubit which is coupled to the
oscillator. Violations of the bound are an igorous signal of the nonclassical character of the initial
oscillator state. Nonclassicality is also monitored via Bell violation, but this method has distinct
limitations, being proved only for systems with discrete quantum states (typically only two states per
system). We have found how to extend this criterion for non-classicality to a pair of systems, only one of
which is restricted to be a qubit. However, the use of the Schmidt Theorem of analytic function theory
allows one qubit the ‘control’ the dimensionality of a coupled continuously infinite-dimensional partner



and discards all but two dimensions in the continuous manifold. This has the prospect of opening a new
domain for Bell violation tests to be carried out.

To return to experimentally directly relevant work, we obtained experimental support for our finding on
non-conservation of entanglement. When two or more particles interact, entanglement is set apart from
other dynamical quantities, such as energy and momentum, because of its non-conservation, and so
does not allow the interpretation of the subtle dynamics of entanglement as a flow of this quantity
between the constituents of the system. Nevertheless, in bipartite qubit interactions we showed that
the inclusion of a third party leads to a new time-invariant expression. This engages the bipartite
entanglement between each of the parties and the other two, reminiscent but not the same as
monogamy. Experimental demonstration of this idea using entangled photons has now been made.

Finally it's important to note that entanglement occurs in various 'strengths' and it can be critical to
establish not only the presence of entanglement, but to have a bound on its strength. This can be
measured systematically for qubits via concurrence, and we have found a concurrence-based measure
for the genuinely N-partite (all-party) entanglement of N-qubit states. This uses the trace distance
metric and leads to a new algebraic formula for the Greenberger-Horne-Zeilinger (GHZ)-diagonal states.
We then showed how the all-party entanglement of GHZ states produced by the Rainer Blatt quantum
computing team (Innsbruck) for an arbitrary number of qubits may be bounded with only four
measurements. This we expect to see applied widely.



